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Abstract

The frequency equation and localized modes in two-dimensional bi-periodic mass—spring systems with
one disordered subsystem are exactly analyzed by means of double U-transformation.

At first a plane distributed mass—spring system with 2n; x 2n, subsystems and cyclic periodicity in x- and
y-directions is considered. Then by adopting a limiting process with n;,n, approaching to infinity, the
limiting solution is applicable for the plane distributed bi-periodic mass—spring systems with boundary at
infinity.

The explicit frequency equation and localized modes are derived. Some specific systems are taken as
examples to demonstrate how to apply the formulas and equations obtained in the present paper in order to
find the localized modes and corresponding frequencies.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Analyses of bi-periodic systems have been studied by using various methods, including transfer
matrix method [1], wave approach [2—4], standard stiffness and transmission methods [5] and U-
transformation method [6-10]. Vibration analyses of disordered periodic systems have been
investigated by Bansal [11] and Mead et al. [12—14] using receptance method.

Localization phenomenon was first predicted by Anderson [15] in the field of solid-state physics. In
structural dynamics, Hodges [16] was the earliest to study localized modes in one-dimensional periodic
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structures. There is a great volume of literature on localization. A detailed discussion of that literature
is contained in the special issue of Chaos, Solitons and Fractals on localization problems [17].

Mode localization phenomenon in infinite periodic mass—spring systems having one linear or
nonlinear disorder was investigated by Cai et al. [18-20] using the U-transformation method. Recently
the U-transformation method was extended to analyze the localized modes in infinite bi-periodic
mass—spring systems with a single disorder [21]. In order to derive the frequency equation for localized
modes, the U-transformation must be used twice. In the present study, two-dimensional bi-periodic
mass—spring systems having one disorder are considered. In order to uncouple the governing equation
of the bi-periodic systems, the double U-transformation needs to be used twice [22].

2. Governing equation

Consider a two-dimensional infinite bi-periodic mass—spring system with a single disorder as
shown in Fig. 1. This system consists of two different kinds of subsystems, say M- and M’-
subsystems, where only one subsystem departs from the regularity in both stiffness and mass. M,
M’ and M’ + M ; denote the masses, and K, K’ and K’ + K, denote the stiffness for M-, M’- and
disordered subsystems, respectively. In Fig. 1, two sets of pretensioned straight strings with fixed
ends at infinity act as the coupling springs between two adjacent subsystems in x- and y-directions.
The stiffness of coupling spring in x- and y-directions can be expressed as K; = 7/a and
K, = T, /b, respectively, where T'|, T, denote the pretentions of the strings in x- and y-directions
and a, b denote the spacing of y- and x-strings, respectively.

The localized modes in an infinite periodic system are negligibly affected by the conditions at
infinity. Consequently, the system under consideration may be regarded as cyclic bi-periodic as
shown in Fig. 2. At first, the two-dimensional cyclic bi-periodic system with 2r; x 2n, subsystems
is considered. In Fig. 2, a pair of integers (j, k) denote a subsystem in which j and & in the round
brackets denote the ordinal numbers of the subsystem along x- and y-directions, respectively. The
identical relations (0,k) = (2n1,k), k=0,1,2,...,2n, and (j,0)=(j,2n), j=0,1,2,...,2m
represent the cyclic periodicity in x- and y-directions, respectively. Then by adopting a limiting
process with n;, n, approaching to infinity, the governing equation and its solution will be
applicable for the original system shown in Fig. 1.

Applying Newton’s second law to every subsystem, the natural vibration equations can be
expressed as

(K 4+ 2K, + 2K, — Ma)z)w(,-,k) — K](W(]-_H,k) + W(j—l,k))

— Ko(Wgjt1y + wigk—1) = Fp, j=12,....2n, k=12,....2m (1a)
and
(AMo® — AK)wi), (J:k) = G1p1> kipy) and (j, k) # (n1, n2),
Fin = [(AM + Mayo? — (AK + K)lwiry,  (,k) = (m,m),
0, (J, &) #G\p1, kipa),

no=mp, m=mpy j=L012,....2m, k =12,...,2m,, (1b)
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Fig. 1. Two-dimensional bi-periodic mass—spring system with one disorder.

where w1y denotes the amplitude of displacement (in z-direction) for the (j,k) subsystem; w
represents the natural frequency; M, K; denote the magnitudes of disorder for mass and stiffness
and AM =M — M, AK =K — K;(p,kipy), j; =1,2,...,2my, k; = 1,2,...,2m, represents
the M’-subsystems, and (m;p,, myp,) denotes the disordered one. Without loss of generality, it is
assumed that the disordered subsystem is located at the center of the considered system as shown
in Fig. 2. In Eq. (la), it should be noted that w140 = Wik, Wok = Wenk and
W(i2m+1) = W1y, W(,0) = W(j2n) due to the cyclic periodicity in x- and y-directions.

3. The first application of the double U-transformation

The left-hand sides of Eq. (la) possess cyclic periodicity for two subscripts in the round
brackets where the two subscripts represent two ordinal numbers of the subsystem and F;x) on
the right-hand sides of Eq. (1a) act as the loads. In order to uncouple the left-hand sides of the
simultaneous equations (1a), one can now apply the double U-transformation [23] to Eq. (1a).
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Fig. 2. Equivalent system with 2n; x 2n, subsystems and cyclic bi-periodicity in x- and y-directions.

Let

2}’!1 2?12

e =D g=ik=Dstayy 0 = 1,2,...,20, s=1,2,...,2n 2a
o5 = m m;; (k) 1 2 (2a)

and its inverse transformation is

2n; 2ny
- U miglh=lsng o0 j=1,2,....2m, k=12,...,2n, 2b
O wer 2.2 Yos» T & " (@)

where i = v/—1, Y, = n/ny, ¥, = n/ny and ¥, Y, denote the periods of the cyclic periodic system
for M-subsystems in x- and y-directions, respectively.
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The right-hand side of Eq. (2b) can be regarded as the series of rotating modes [24] for the
ordered cyclic periodic system (i.e., AM =0, AK =0, M; =0, K; = 0) and ry,, sy, denote the
phase differences between the two adjacent subsystems in x- and y-directions, respectively.
dos) r=12,....2m, s=1,2,...,2m) is a set of generalized displacements.

The natural vibration equations (1a) can be expressed in terms of the generalized displacements
4(s) as

(K +2K| 4+ 2K> — M* — 2K, cosrj; — 2K, cos Y24 .5

=fos T=12,....2m, s=12,...,2m, (3a)
where

2 2my 2mp
fos = Al ~ 2K — /AK Y Y e ihe g
’ 2nyia/2ny 4 T
h=1 k=1
2
Mqo _Kde—i(nl—l)f‘//le

+
A/ 2]’[1«/27’!2
Introducing ¢, ;) obtained from Egs. (3a) and (3b) into Eq. (2b) results in

—i(ny—1)syr, Wy 1a)- (3b)

2my  2my
2 0
Wik = (AMao” — AK) 2 : 2 :ﬁU,k)(ilpl,klpz)w(fll’l’kll’ﬂ
Ji=1 d=1
2 0 .
+ (M ao" — Kd)ﬂ(j,k)(nl,nz)w(nlaﬂz)’ j=12,....2n, k=12,....2m 4)
and
1 2n;  2m ei(/fu)rlj/lei(kfv)ﬂ//z

0
. - , 5
P 4niny ; ; K + 2K + 2K, — Mw? — 2K cosrf; — 2K, cos sy, ©®)

which denotes the harmonic influence coefficient (i.e., receptance) for the single perfectly periodic
system with the parameters AK, AM, K; and M, vanishing.
Let

Wik) = Wip, dpy)s T = 1,2,....2my, k=1,2...,2ms. (6)

Here W) denotes the displacement for (j, k)M’-subsystem, i.e., the jth (kth) M’-subsystem in
x- (y-) direction.
From Eq. (4), we can obtain the simultaneous equations with unknowns W) as

2my 2my

Wn — (AMa? = AK) S S BiaunWaw = Win 7= 12.....2m, k=1,2,....2m

u=1 v=1

(7a)
and

Wzk/,k) = (deZ - Kd).B(j,k)(ml,mz) W(’nl,’nZ)’ (7b)
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1 2ny  2m ei(j—u)r(plei(k—v)x(/)z
Biaous = Bloykpmiupsany = o O O :
L Up1-kp>)upy.op2) ) p il K+ 2K, +2K, — Mow? — 2K cos l’wl — 2K5cos Sl//2
(7¢)
where
=pW =n/mi, @y =pyh, =n/m 8)

and W, indicates the influence of disorder on W; ).

By using the double U-transformation once, the natural vibration equations (la) and (1b)
having 2m;p, x 2m,p, unknowns become Egs. (7a) and (7b) with 2m; x 2m, unknowns (i.e., the
displacements of M’-subsystems).

4. The second application of the double U-transformation

It is obvious that the harmonic influence coefficients for the cyclic periodic system possess cyclic
periodicity. Consequently, the left-hand sides of the simultaneous equations (7a) possess cyclic
periodicity. In order to uncouple the left-hand sides of Eq. (7a), one can now apply again the
double U-transformation to Eq. (7a).

Let

1 2my 2my

Oy = J_«/_Z Ze‘“f Drore=il=Dsorpy 000 r=1,2,....2m, s=1,2,...,2m (9)

and its inverse is

1 2my 2my
W ei-Drorgik=sog o j=1,2,....2m, k=1,2,....2my (10)
(k) = \/7\/—; SZ 5)°

in which the definitions of ¢, and ¢, are the same as those shown in Eq. (8). ¢,, ¢, denote the
periods of the cyclic periodic system for M’-subsystems in x- and y-directions, respectively.

Introducing the double U-transformation (9) into Egs. (7a)-(7b) and noting the cyclic
periodicity of f; sy, results in

2my 2my
Qi — (AM o — AK)Z Ze el g 00 Qi)
u=1
=Q(V’s), r=12,...,2m;, s=12,...,2m, (11a)
where
(de Kd)W ’ 2m; 2my o PN
Q(, 5= \/_l\/ﬁz(ml ;) Z Z e i(j l)r(ple i(k l)wzﬂ(j,k)(ml,mg)' (1 lb)

Substituting Eq. (7¢) into Eqgs. (11a)—(11b) yields
Oy — AM©* = AK)A(r, 505,07 Qg = Q. T=1,2,...,2m1, s=1,2,....2m, (12a)
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and
(Mg = KW mm) i(1—miyron i1
T = —e D1 gi1=m)sex f(rp, | 595, 0°), 12b
Q(;,‘s) mm ( P1,5¢> ) ( )
where
1 P P ®
A(ro,, s, %) = —Z Z{K + 2K + 2Ky — Mw?* — 2K cos[2m(u — 1) + r]
P1P2 u=1 v=1 Pi
-1
_2K> cos2ma(v — 1) + s]ﬂ} . (12¢)
2]

For the perfectly cyclic bi-periodic system without any disorder (i.e., QE‘M) = 0), the frequency
equation can be obtained from Eq. (12a) as

1 — (AM?* — AK)A(ro,, 5@y, 0*) =0, r=1,2,...,2m, s=12,..., 2m.. (13)
Inserting Q. ;) obtained from Egs. (12a) and (12b) into Eq. (10) results in
W(j,k) = (A/Wda)2 _ Kd) W(ml’mZ)ﬁzkj,k)(m],mz)’ ] = 1, 2, Ceey 2m1, k = 1, 2, ey 2]’}'12 (14)

and
1 2m; 2my A(V(p SQ w2)
" =— cos(j — cos(k — DoF2 ,
’B(I,k)(mI»MZ) 4m1m2 ;; (] ml)"@l ( MZ)SQ)Z 1 _ (Asz . AK)A(r(pl,S(pz,a)z)

(15)
where B )i, my) denotes the harmonic influence coefficient for the cyclic bi-periodic system
without disorder and means the amplitude of (j, k) M’-subsystem caused by unit harmonic force
acting at (mj,my)M'-subsystem. W, ., is the amplitude of displacement for the disordered
subsystem.

5. Frequency equation and localized modes

The frequency equation for the disordered system can be found from Egs. (14) and (15) with
j=m; and k = my, as

1
My0* — Kg = — (16a)
p (my,mp)(my,my)
and
1 LNl A(rey, so, wz)
Iip . = 2 2 . (16b)
(mma)mm) ™ A s rz:; ; 1 — (AM®? — AK)A(ro,, s¢,, »?)

The above frequency equation is applicable to the localized modes of the finite cyclic bi-periodic
system with a single disorder. We can now consider the infinite case, namely m; and m, approach
to infinity. The limit of the series summation on the right-hand side of Eq. (15) becomes the
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double integral and Eq. (15) can be rewritten as

« 1 2n 2n ) A(Ql, 92’(02)
Pl = 4_77:2/0 /0 €0 J0y COS KO T3 3o — AK)A(G, 05, ) 201 90
j:O’1’2""’Oo’k:0’1721""oo (17a)
in which
1 JAR ) 1m 0
A 02.0%) = =) Z{K + 2K} + 2K, — Mo — 2K cos [(”)—”Jfl]
PP D03 D1
—1)2n+0,]) "
—2K, cos [(U;—nﬂ] } _ (17b)
2

By introducing Eq. (17a) into Eq. (16a), the frequency equation for the original infinite bi-periodic
system shown in Fig. 1 can be found as

-1

1 2n 2 A6, 6, w2)
Mo —K;=4— > 6, do : 1
e d {4n2/0 /0 1 — (AM? — AK)A(01, 0, »?) A0 2} )

When my, m, approach infinity, the frequency equation (13) for the ordered system becomes the
pass band equation as

1 — (AMw* — AK)A(01,0,,0%) =0, 0<6,,60,<2n. (19)

It is obvious that if and only if w lies in the stop band, namely w is not any root of Eq. (19), the
double integral in Eq. (18) is in existence and the frequency equation (18) is applicable to the
localized modes.

Two parameters 6, and 6, in Eq. (19) indicate two mode phase differences between the two
adjacent M’-subsystems in x- and y-directions, respectively. It can be proved that if 6;, 0, are
replaced by 27 — 0, 21 — 0,, respectively, the function A(0;, 02, w*) shown in Eq. (17b) does not
change, leading to the frequency band equation (19) unchanged. Its physical meaning is that four
modes with two phase differences 0; or 2n — 0, and 0, or 2m — 0, correspond to a same
frequency. Hence, we consider only the case of 0<6;, 0, <min Eq. (19) and Egs. (18), (17a) can be

rewritten as
1 T T A(Hl 02 wZ) -1
2 - = _— b b
M0 — Ky {n2/0 /0 1 — (AMa? — AK)A(0;, 0, ) do,;do, ; (20)

. L A(01,05,0°)
ﬂ(mlij,mzik)(ml,mg) = ;/0 A COS Jel COS kez 1 _ (AMCUZ _ AK)A(O] , 02’ wz)

When the frequency of localized mode is found from Eq. (20), the corresponding mode can be
obtained from Egs. (14) and (16a), as

do;do,. Q1)

*
ﬂ (my £f,my£k)(m ,ma)

W(mlij,mzik) == W(m],mz) s .] = O, 1’ 27 cee, 00, k - 0’ 17 23 e, 0 (22)

*
ﬂ (my,ma)(my mz)
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in which W, »,) acts as an arbitrary constant factor. Applying the well-known Riemann lemma
to Eq. (21) yields

lim ﬁz(mlzl:j,mz:tk)(ml,mg) = O’ (23)

j or/and k—o0

which indicates the mode shown in Eq. (22) is localized.

6. Examples

In order to check the exactness of the formulas and demonstrate how to apply the formulas
obtained in the above, some example systems are given as follows.

6.1. Two-dimensional single-periodic system

By letting p; = 1 and p, = 1, the original bi-periodic system shown in Fig. 1 becomes single-
periodic one, namely all of subsystems are M’-subsystems besides one disorder.
Introducing p; = 1 and p, = 1 into Eq. (17b) yields

A(0,,0,, %) = (K 4+ 2K, + 2K> — Mw* — 2K, cos 0, — 2K, cos 0,) . (24)
Substituting Eq. (24) into Egs. (20) and (21) results in

| Y 1
712/0 /0 K 42K+ 2K, — M'w? — 2K cos0; — 2K, cos 0,

—1
M0* —K; = { do, d@z} (25)

and

g 1 /” /” cos jbO; cos k0,
(mEmozl)mm) = g2 | J K 4+ 2K, + 2Ky — M'w? — 2K cos 0 — 2K cos 0,

in which K' = K+ AK and M’ = M + AM.

The localized mode is also shown in Eq. (22) where B, 1. 1, 14)(m, my) ShOuld be Eq. (26) instead
of Eq. (21).

The frequency equation (25) and the corresponding mode shown in Eqgs. (22) and (26) are the
same as those given in Ref. [18].

do,do, (26)

6.2. One-dimensional bi-periodic system

When two arbitrary adjacent subsystems in y-direction are uncoupled, i.e., K» = 0, the original
system is uncoupled into a one-dimensional system having a disorder and many other one-
dimensional systems without disorder. We consider now the one-dimensional disordered system.

Substituting K, = 0 into Eq. (17b) results in

P _ -1
A(01,0,,0%) = A0, %) = iz {K + 2K — Mw* — 2K cos [(”ljvﬂ] } . (27)
1 y=1 1
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Noting that the function A4(0;,®?) is independent of 0,, the frequency equation (20) becomes
1 (" A0y, 0?) !
Myo* —Kg =1~ d do 28
@ = R {n/o I — (AMa? — AK)A(0;, %) (28)
and the harmonic influence coefficients shown in Eq. (21) can be expressed as

g _ l/” cos jO,A(0y, w?)
(£ ma)(myma) = o o 1— (AM@Z _ AK)A(@l,wz)

dg,, j=0,1,2,...,00, (29a)

ﬁ;‘mliﬂmﬁk)(mm) =0, j=0,1,2,...,00, k=1,2,...,00. (29b)
Eq. (22) representing the localized modes becomes

ﬁzﬁml +j,mp)(my,m;)

W mtim) = Wy ms , j=0,1,2,...,00 (30a)

)
ﬁ?mlamﬂ(ml,mz)
and
Wnm+jmsi) =0, j=0,1,2,...,00, k=1,2,...,00. (30b)

These results shown in Egs. (27), (28), (29a) and (30a) are in agreement with those given in
Ref. [21].

6.3. Two-dimensional bi-periodic system with p; =p, =2

Inserting p; = 2 and p, = 2 into Eq. (17b) yields

1 2
A(01,02,07) = > Z{K + 2K + 2K, — Mo?

4 u=1 v=1
0, 0,1\
—2K; cos|(u— 1)n+7 — 2K, cos|(v — 1)7[-{—7 . (31)
Introducing the non-dimensional parameters

Mo? K K

2 — 21 — 2
Q_K’ kl—K, kz—K (32)

into Eq. (31) results in
1

A(015025w2) = EA0(019029 Qz)a (333')

where

Ao(01,0,, Q%) =

22
ZZ{1+2k1+2k2—92

u=1 v=1

N

-1
—2ky cos [(u — D+ %} — 2k, cos [(v — D+ %} } . (33b)
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Substituting Eq. (33a) into Eq. (19), the frequency band equation for the ordered system with
p; =2 and p, = 2 can be expressed as

1 — (AmQ* — Ak)Ay(01,0,,2*) =0, 0<6,,0,<m, (34a)
where
AM AK
Am=—r, Mk=—7. (34b)

If the non-dimensional parameters ki, k,, Am and Ak are given, the pass bands can be
determined by using a numerical method with a little calculation. For the specific case of

ki=0.1, k=02, Am=0.1, Ak=1 (35)
there are two pass bands as follows:
[1.09857, 2.00000], [2.36364, 2.58030] for Q (36a)
namely the stop bands are
0<Q><1.09857, 2.00000<Q*><2.36364, 2.58030<Q*< oo. (36b)

By introducing Egs. (33a), (34b) into Eq. (20), the non-dimensional frequency equation for
localized vibration can be expressed as

F(Q%) = D(@°), @ e stop bands shown in Eq. (36b) (37a)

where
F(Q?) = ey Q* — ek, (37b)

n n 2 -1
D(Q?) = {iz / / Af(@l’ 0, 2) -~ do, dez} (37¢)
= Jo Jo 1 —(AmQ~ — Ak)Ay(0y,0,, Q)
and
M, K

gMEﬁ’, gKEYd. (37d)

When the disordered parameters ), and g are given besides k1, ko, Am, Ak shown in Eq. (35), the
functions, y = D(2*) and F(Q?), can be plotted against Q°>. The number of the points of
intersection between the two curves is equal to the number of localized modes and the transverse
coordinates of the intersection points represent the magnitudes of the non-dimensional
frequencies Q°.

By using the numerical integral method and the parameters shown in Eq. (35), the curve, D
versus Q2 is plotted in Fig. 3, which is made up of three continuous and monotonically decreasing
curves, corresponding to the three stop bands shown in Eq. (36b). The straight lines, y = F(Q?),
corresponding to various disordered parameters, are also plotted in Fig. 3. By observation from
Fig. 3, it is clear that in either case of ex <0, &3y = 0 or ex = 0, &3, >0, two localized modes will
occur and the corresponding frequencies lie in the first and second stop bands and in either case of
ex >0, ey =0 or gg = 0, g3y <0, only one localized mode with higher frequency in the third stop
band will occur.
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Fig. 3. Functions D(Q?) and F(Q?) for p, = p, = 2.

Consider now the case of K; = 0.5K, M; =0, i.e.,
EK = 0.5, EM = 0. (38)

By means of the numerical integral method and graphic representation, the solution of the
frequency equation (37a)—(37d) for Q° can be found as

Q% =2.89128. (39)
Recalling Egs. (21), (22), (33a), the localized mode can be expressed as
Lip(@) |
Wom+imti) = ———-, J,k=0,£1,£2,...,00, (40a)
T L oo(@)

where

. 1 [™ [™ cos j0;coskfrAy(01,0,, Q%)
I(j,k) = Kﬁ(i’l’ll‘i‘j;ﬂlz-i-k)(ml,mz) = ; 0 0 1— (AmQ2 _ Ak)A()(O], 02,92)

The localized mode shown in Egs. (40a)—(40b) has been normalized according to the condition
of Wn, my = 1. Substituting Eq. (39) into Eqs. (40a)-(40b) and using the numerical integral
method, the localized mode can be found as shown in Table 1. The numerical results show that the
amplitude ratios between the two adjacent M’-subsystems in x- and y-directions are not constants,

do; do,. (40b)
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Table 1
Localized mode with Q% = 2.89128

(@) W 2jmy)
i 0 1 2 3 4 5 6
w 1 0.01958 0.0004261 9.850E — 06 2.373E — 07 5.891E — 09 1.495E — 10

(b) W(ml,mzik)
k 0 1 2 3 4 5 6
w 1 0.06587 0.004447 0.0003040 2.096E — 05 1.455E — 06 1.016E — 07

namely W(m1+j+1,m2)/W(ml-i-j,mz) (] = O, 1, 2, .. ) and W(n11,n12+k+1)/ W(ml,m2+k) (k = 0, 1, 2, .. ) are
not constants. This property is different from that for one-dimensional periodic systems.

7. Conclusions

In this work, the application of the U-transformation method has been extended to the analysis
of localized modes from one-dimensional bi-periodic mass—spring systems to two-dimensional
systems. In order to utilize completely the property of bi-periodicity in two-dimensional systems,
the proposed method requires the application of the double U-transformation twice. The
governing equation of natural vibration is uncoupled to form a set of single degree of freedom
equations in terms of the harmonic influence coefficients. As a result the frequency equation of the
disordered system and localized modes can be derived.

Two special cases, two-dimensional single-periodic and one-dimensional bi-periodic systems,
are considered. The results for two cases are in agreement with those given in the literature. A
specific two-dimensional bi-periodic system with p; = p, = 2 is taken as example. The amplitude
ratios of localized modes between the two adjacent M’-subsystems are not only different in x- and
y-directions but also variable along x- and y-directions. However, it is well known that the
corresponding amplitude ratio in one-dimensional periodic system is a constant. This is the great
difference between one- and two-dimensional periodic systems.

Acknowledgements

This work is supported in part by the TRAPOYT (2001), NSFC (10102023), GDSF
(2002C32405, 031588), and the Foundation of Zhongshan University Advanced Research Centre.

References

[1]1 Y.K. Lin, T.J. McDaniel, Dynamics of beam-type periodic structures, Journal of Engineering for Industry 91 (1969)
1133-1141.

[2] G.S. Gupta, Propagation of flexural waves in doubly periodic structures, Journal of Sound and Vibration 20 (1972)
39-49.



320 C.W. Cai et al. | Journal of Sound and Vibration 288 (2005) 307-320

[3] D.J. Mead, Wave propagation and natural modes in periodic system, I: monocoupled systems, Journal of Sound
and Vibration 40 (1975) 1-18.
[4] D.J. Mead, Wave propagation and natural modes in periodic system, II: multicoupled systems with and without
damping, Journal of Sound and Vibration 40 (1975) 19-39.
[5] T.J. McDaniel, M.J. Carroll, Dynamics of bi-periodic structures, Journal of Sound and Vibration 81 (1982)
311-335.
[6] C.W. Cai, H.C. Chan, Y.K. Cheung, Exact method for static and natural vibration analyses of bi-periodic
structures, Journal of Engineering Mechanics 124 (1998) 836-841.
[71 H.C. Chan, Y.K. Cheung, C.W. Cai, Exact solution for vibration analysis of rectangular cable networks with
periodically distributed supports, Journal of Sound and Vibration 218 (1998) 29-44.
[8] H.C. Chan, C.W. Cai, J.K. Liu, Exact static solution of grillwork with periodic supports, Journal of Engineering
Mechanics 126 (2000) 480—487.
[9] C.W. Cai, H.C. Chan, J.K. Liu, Analytical solution for plane trusses with equidistant supports, Journal of
Engineering Mechanics 126 (2000) 333-339.
[10] C.W. Cai, J.K. Liu, F.T.K. Au, L.G. Tham, Dynamic analysis of continuous plane trusses with equidistant
supports, Journal of Sound and Vibration 246 (2001) 157-174.
[11] A.S. Bansal, Free wave motion in periodic systems with multiple disorders, Journal of Sound and Vibration 60
(1978) 389-400.
[12] D.J. Mead, A.S. Bansal, Mono-coupled periodic systems with a single disorder: free wave propagation, Journal of
Sound and Vibration 61 (1978) 481-496.
[13] D.J. Mead, A.S. Bansal, Mono-coupled periodic systems with a single disorder: response to convected loadings,
Journal of Sound and Vibration 61 (1978) 497-515.
[14] D.J. Mead, S.M. Lee, Receptance methods and the dynamics of disordered one-dimensional lattices, Journal of
Sound and Vibration 92 (1984) 427-445.
[15] P.W. Anderson, Absence of diffusion in certain random lattices, Physical Review 109 (1958) 1492—-1505.
[16] C.H. Hodges, Confinement of vibration by structural irregularity, Journal of Sound and Vibration 82 (1982)
411-424.
[17] M.S. EI Naschie (Ed.), Localization problem in engineering, Chaos, Solitons and Fractals 11 (2000) 1479-1662.
[18] C.W. Cai, Y.K. Cheung, H.C. Chan, Mode localization phenomena in nearly periodic systems, Journal of Applied
Mechanics 62 (1995) 141-149.
[19] C.W. Cai, H.C. Chan, Y.K. Cheung, Localized modes in periodic systems with nonlinear disorders, Journal of
Applied Mechanics 64 (1997) 940-945.
[20] C.W. Cai, H.C. Chan, Y.K. Cheung, Localized modes in a two-degree-coupling periodic system with a nonlinear
disordered subsystem, Chaos, Solitons and Fractals 11 (2000) 1481-1492.
[21] C.W. Cai, J.K. Liu, H.C.Chan. Exact analysis of localized modes in bi-periodic mono-coupled mass—spring
systems with a single disorder, Journal of Sound and Vibration 262 (2003) 1133-1152.
[22] C.W. Cai, J.K. Liu, H.C. Chan, Exact Analysis of Bi-periodic Structures, World Scientific, Singapore, 2002.
[23] H.C. Chan, C.W. Cai, Y.K. Cheung, Exact Analysis of Structures with Periodicity using U-transformation, World
Scientific, Singapore, 1998.
[24] C.W. Cai, Y.K. Cheung, H.C. Chan, Uncoupling of dynamic equations for periodic structures, Journal of Sound
and Vibration 139 (1990) 253-263.



	Exact analysis of localized modes in two-dimensional �bi-periodic massndashspring systems with a single disorder
	Introduction
	Governing equation
	The first application of the double U-transformation
	The second application of the double U-transformation
	Frequency equation and localized modes
	Examples
	Two-dimensional single-periodic system
	One-dimensional bi-periodic system
	Two-dimensional bi-periodic system with p1=p2=2

	Conclusions
	Acknowledgements
	References


